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Abstract 

We construct a class of noncommutative spectra and give the basic 
properties of the class of noncommutative spectra. 

How to select a class of noncommutative rings such that we can rewrite 
algebraic geometry in the context of the class of noncommutative rings? The 
purpose of this paper is to present our answer to this interesting problem. The 
main result of this paper is to construct a class of noncommutative spectra which 
are called trispectra. Trispectra come from a class of nonncommutative rings 
which are called Hu-Liu trirings by us. In section 1, we introduce Hu-Liu trirings 
and give the basic properties of Hu-Liu trirings. The most important example of 
Hu-Liu trirings is triquaternions which is defined in section 1. Triquaternions, 
which are regarded as a kind of new numbers by us, can be used to replace 
complex numbers to develop the counterpart of complex algebraic geometry. In 
section 2, we introduce prime triideals and prove some basic facts about prime 
triideals. In section 3, we use prime triideals to characterize the trinilradical. 
In the last section of this paper, we make trispectra into a topological space by 
introducing extended Zariski topology. 

Throughout this paper, the word "ring" means an associative ring with an 
identity. A ring R is also denoted by (R, + , •) to indicate that + is the addition 
and • is the multiplication in the ring R. The word "triring" always means 
"Hu-Liu triring" . 



1 Basic Definitions 

Let A and B be two subsets of a ring ( R, +, ■). We shall use A + B and AB 
to denote the following subsets of R 

A + B := {a + b\a e A, b e B}, AB := {ab\a e A, b e B}. 
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Hu-Liu trirings are a class of noncommutative rings which can be used to 
rewrite the theory of commutative rings and algebraic geometry over commuta- 
tive rings. 

Definition 1.1 A ring R with a multiplication ■ is called a Hu-Liu triring if 

the following three properties hold. 

(i) There exist two commutative subrings Rq and R\ of the ring (Ro, +, ■); called 

the even part and odd part of R respectively, such that R = Ro © Ri 
(as Abelian groups) and 

RqRq ^= Ro? R0R1 ~\~ R1R0 ^ J?i, R\R\ = 0; (1) 

(ii) There exists a binary operation (j on the odd part R\ such that (Ri, +, ft ) 

is a commutative ring and the two associative products ■ and ft satisfy the 
triassociative law: 



(2) 
(3) 



(4) 



where x € R and a, ft € R\; 
(iii) For each xq G Ro, we have 

R\Xq = x Ri- 

A Hu-Liu triring R = ]?o ffi i?i is sometimes denoted by 
( R = Ro © Ri, +, ■, jj ), where the associative product (j on the odd part Ri is 
called the local product, and the identity l" of the ring (i?i, +, jj ) is called 
the local identity of the triring R. 

Clearly, a commutative ring is a Hu-Liu triring with zero odd part. The first 
and the most important example of Hu-Liu trirings which is not a commutative 
ring is triquaternions whose definition is given in the following example. 

Example Let Q = lZl®lZi(B'R-j(B7lk be a 4-dimensional real vector space, 
where 1Z is the field of real numbers. Then ( Q = Q © Qi, +, •, ft ) is a Hu-liu 
triring, where Q = 1Z 1 © TZi is the even part, Qi = IZj © TZ k is the odd part, 
the ring multiplication • and the local product ft are defined by the following 
multiplication tables: 



1 



J_ 

k 



l_ 
T 



3_ 
k 



-1 

^k 

j 



k_ 
0_ 
0" 



k_ 
J 



3 



0^ 
0" 



I 

3_ 
k 



3_ 
k 



k_ 



J 
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The Hu-Liu triring Q is called the triquaternions. 

□ 

Remark For convenience, a Hu-Liu triring will be simply called a triring in 
the remaining part of this paper. 

Definition 1.2 Let ( R = Rq®Ri, +, •, fl ) be a triring, and let I be a subgroup 
of the additive group of R. 

(i) 7 is called a triideal of R if IR + RI C I, 7 = (R n J) © (7 n i?i), and 

7 fl i?i is an idea? o/ £/ie ring ( +, jj ). 

(ii) I is called a subtriring of R if 1 G J, 77 C 7, 7 = (i? n 7) © (I n i?i) and 

7 n Tii is a subring of the ring (R\, +, ft ). 

Let 7 be a triideal of a triring (77 = 7?o © 72i, +, •, jj). It is clear that 

R ( R\ _(R\ Ri + J f . 

with — := for i = and 1. We now define a 



local product on by 

(a + 7) jj (/3 + 7) :=ajj/3 + 7 for a, f3 € R%. (5) 

Then the local product defined by ([5]) is well-defined, and the triassociative law 
R 

holds. Therefore, — becomes a triring, which is called the quotient triring of 
R with respect to the triideal 7. 

Definition 1.3 Let R = Rq(BRi and R~Rq(BRi be trirings. A map </> : 7? — »• 
R is called a triring homomorphism if 

<j)(x + y) = <f>(x) + <j>{y), (j)(xy) = </>(1r) = %, 

0(7io)Ci?o, 0(i?i)Ci?i, 

0M/3) </>(/?), 0(1*) = 1« 

where x, y £ R, a, f3 £ Ri, 1# and 1-^ are the identities of R and R respectively, 
and 1* and 1* are i/ie /ocaZ identities of R and R respectively. A bijective triring 
homomorphism is called a triring isomorphism. We shall use R ~ R to 
indicate that there exists a triring isomorphism from R to R. 

Let 4> be a triring homomorphism from a triring R to a triring i?. the kernel 
Kercj) and the image Imcf> of <^> are defined by 

Ker<j) := { x \ a € i? and (/>(x) = } 

and 

Im(j) := { <j)(x) | x € 77}. 
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Clearly, Ker<f) is a triideal of R, Im<p is a subtriring of R and 

4> : x + Kercf) — > 0(x) for a; G -R 

is a triring isomorphism from the quotient triring to the subtriring Irruj) 

Kercf) 

of R. If / is triideal of R, then 

v : x t-^ x + I forxei? 

R 

is a surjective triring homomorphism from R the quotient tiring — with kernel 
I. The map v is called the natural triring homomorphism. 

Proposition 1.1 Let cf> be a surjective homomorphism from a triring R — R Q (B 
Ri to a triring R = i?o © i?i . 

(i) <t>(Ri) — Ri for i — anrf 1. 

(ii) Let 

S := { 1 1 1 is a triideal of R and I D Kercf) } 

and 

S := { 1 1 1 is a triideal of R}. 

The map 

* := {<f>(x)\x € 1} 

is a bijection from S to S, and the inverse map : S — > S is given by 

y- 1 (ft' 1 (J) := {x\xe R and <P(x) el }. 

(iii) If I is a triideal of R containing Kertfi, then the map 

x + I !->• (f)(x) + (f>(I) for x e R 

R 

is a triring isomorphism from the quotient triring — onto the quotient 
R 

tririnq , /T .. . 

m 

Proof A routine check. 

□ 

We now prove a basic property for trirings. 

Proposition 1.2 Let (R = Rq Ri, +,■,()) be a triring. If Xi G i?i /or 

« G {0, 1 }, then both Rx = RqXq R\X and Ri jj xi are triideals of R. 
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Proof Since (Pi, +, jj) is a commutative ring, Pi jjxi is clearly a triideal of R. 
Using the triassociative law and ((4]), we have 

(^Ri{R a x + Rix )j (J (p x + Rix Q )Rj) C Pqxq + Rix (6) 

for i = 0, 1. By ©, Po^o © Pi^o is an ideal of the ring (P, +, •). Also, 
Rix = i?ijj(l"xo) is obviously an ideal of the commutative ring (Pi, +, jj). 
Thus, Po^o © Pi^o is a triideal of P. 

□ 

The next position gives some operations about triideals in a triring. 

Proposition 1.3 Let I, J, I\ with A € A fee triideals of a triring R. 

(i) The intersection If) J and the sum I\ are triideals of R. Moreover, we 

AeA 

have (I n J)i = It n J, and I ^ h J ^ ^ or * = °> L 

\AeA / j AeA 

(ii) TTie mixed product J jj J := (J jj J)o® (/ ft J)i o// and J is a triideal, 

where (I jj J)o = Jo Jo o,nd (J jt J)i = Ji jj Ji- 

Proof Clear. 

□ 



2 Prime Triideals 



We begin this section by introducing the notion of prime triideals. 

Definition 2.1 Let (R = R ® +, • , jj ) foe a triring. An triideal P = 
Po ® Pi of R is called a prime triideal if P ^ R and 

XoUo G Po ^o G P or y Q £ P , (7) 

zoyi G Pi => x G Po or yi e Pi, (8) 

EiS/o G P i =>■ x\ € Pi or y G Po, (9) 

xittj/i G Pi =>■ n€ Pi or yi e Pi, (10) 

where Xi, y-i € Pi /or i = tmd 1 . 

Let ( P = Po © Pi, +, • tt ) be a triring. The set of all prime triideals of P 
is called the trispectrum of P and denoted by Spec^R. It is clear that 

Spe^R = SpeclR U Spec\R and 5pec P n Spec\R = 0, 
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where 

SpeclR := { P \ P £ S'pec^i? and P D R 1 } 
is called the even trispectrum of R and 

Spec[R :={P\P £ Spec&P and P ^ Pi } 

is called the odd trispectrum of P. 

Let P = Po © Pi be a triideal of a triring R. Then P s Spec R if and only 
if Po is a prime ideal of the commutative ring (Ro, +i ' )■ It is also obvious 
that P € SpecJP if and only if Pq is a prime ideal of the commutative ring 
(Po, +, • ), Pi is a prime ideal of the commutative ring (Pi, +, (( ), and the 
R R \ P 

— , — I -bimodule — is faithful as both left module and right module, where 
Po Po) P 

R R 

the left module action on — is defined by 

Po P 

(x + P )(y + P) := x y + P for x Q £ P and y £ R 

R R 

and the right module action on — is defined by 

B Po P y 

(y + P)(x + P ) := yx + P for x £ P and y £ R. 



Clearly, the even trispectrum Spec Q R of a triring R is not empty. A basic 
property of trirings is that the odd trispectrum Spec\R is always not empty 
provided Pi 7^ 0. This basic fact is a corollary of the following 

Proposition 2.1 Let (P. = Po Pi, +,•(!) be a triring with Pi 7^ 0. If Pi 
is a prime ideal of the commutative ring (Pi, +, (j ), then there exists prime 
ideal Pq of the commutative ring ( Po, +, • ) such that P := Pq Pi is a prime 
triideal of R, and Pq contains every ideal Iq of the ring (Ro, +, • ) which has 
the property: Pip) C Pi. 



Proof Consider the set £1 defined by 

il := { Iq I Iq is an ideal of ( Po, +, • ) and R\Io C Pi }. 

Clearly, 1 ^ Iq if Iq £ il. Since £ fl, f2 is not empty. The relation of 
inclusion, C, is a partial order on f2. Let A be a non-empty totally ordered 
subset of fl. Let Jq := To- Then Jq £ fl. Thus Jo is an upper bound for 

A in £1. By Zorn's Lemma, the partial order set (fl, C) has a maximal element 
Po. We are going to prove that P :— Pq © Pi is a prime triideal of P. Clearly, 
P = Po ffi Pi is a triideal satisfying (fTO]) . Let x^, y.; € P; for i = 0, 1. 
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If xiyo € Pi and Xi £ Pi, then x\ (j (l"yo) 
1*2/0 € A- Hence, we have 



^12/0 G Pi, which implies that 



RiiPo + Royo) C R 1 P + R 1 R a y Q QP 1 +R 1 y 

= J Pi+i?itt(l J yo)CP 1 +i? 1 ttP 1 CP 1 . 



(11) 



Using ([TT]l and the fact that P + Po2/o is an ideal of Po, we get Po+RoUo G 0. 
Since Po + PoZ/o 2 -Po> we have to have Po + Rgya = Pq, which implies that 
yo G Po- This proves that © holds. Similarly, we have that both (J7]) and © 
hold. Hence, P = Pq Pi is a prime triideal of R. 



The following proposition gives another characterization of prime triideals. 

Proposition 2.2 Let ( P = Po © +7 tt ) ^ e a triring. The following are 
equivalent. 

(i) P is a prime triideal. 

(ii) Por iwo triideals I , J of R, / jj J C P implies that /CP or J Q P . 
Proof Use By Proposition 11.21 



3 Trinilradicals 

Let P = Po © Pi be a triring with the local identity l". For a G Pi, the local 
nth power a"" is defined by: 



The products (x m )(a in ) and (a in )(x m ) will be denoted by x m a tn and a>2: ro 
respectively, where x G P and a G Pi. 

Proposition 3.1 /ei ( P = Po©Pi, +, •, ft ) 6e a triring with the local identity 
l". If x, y £ R, a, (3 £ R\ and m G i?>o> i/ien 



□ 



□ 




if n = 0; 

if n is a positive integer. 



(xa)ft(y/3) = (xy)(a$0), 



(12) 



and 




:m _ ra Jm 



(ax) 8 " 1 = a» m x ; 



(13) 
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Proof By the triassociative law, we have 

H » (vP) = x (a I {y[3)) = x {{y[3) ft a) = {xy)(0 ft a) = (xy)(a « 0) 

and 

(ax) (t (/9y) = ((ax) (t/3)) y = {{ft) A (ax)) y = (/3 « a)xy = (a ft /3)xy. 
Hence, ^ holds. Clearly, (JTHJl follows from ([12]). 

□ 

Definition 3.1 Le£ (R = Rq ® R±, +, •, fl ) fee a triring. 

(i) element x of R is said to fee trinilpotent £/ 

x™ = and x-f " = /or some m, n G 2>0; (14) 

where xo and xi are the even component and the old component of x 
respectively. 

(ii) The set of all trinilpotent elements of R is called the trinilradical of R 

and denoted by nilraS (R) or vQ. 

The ordinary nilradical of a ring (A, +, •) is denoted by nilrad(A) or 
nilrad(A, +, •); that is, 

nilrad(A) ;= { x | x m = for some m S Z>o }. 

If (R = Ro © Ri, +, ■, j) ) is a triring, then 

nilrad(R, +, •) = nilrad(Ro, +, •) © i?i 

and 

nilraSR = nilrad(Ro, +, •) © nilrad{R\, +, (J )• (15) 

Hence, nilrad{R 1 +, •) 3 nilradrR, i.e., the trinilradical of a triring i? is smaller 
than the ordinary nilradical of the ring (i?, +, •). 

Proposition 3.2 Let (R = Rq ffi +, •, jj ) fee a triring. 

(i) XTie trinilradical nilrad^(R) is a triideal of R. 

(ii) nilraS ( - — st^t ) = 0. 

v ' \nilradt(R) J 

Proof (i) By the definition of trinilradicals, we have 

(nilrad^ R) D Rq — nilrad(Ro, +, ■) and {nilradr R) (1 Ri = nilrad(R\, +, ft ). 
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Using the fact above and (fl5l) . we need only to prove 

{xa, ax} C nilrad^R for x G i? and a € nilraSR. (16) 

Let x = xo + xi G P and a = ao + ai € nilracPR, where Xj, € Pi for 
i = 0, 1. Then we have a™ = af m = for some m 6 -H>o- Since 

xa = (x + xi)(a + ai) = x a + (x ai + xia ), (17) 
(xoao)" 1 = « = x^O = 0, 
(x ai) Jm = affaf* = x^O = 0, 
(xia ) Jm = (x iao )» m = x» m a " = x{ m = 0, 

we get 

xoao € nilrad(Ro, +, •) and xoai + Xiao € nilra<$(R\, +, jj). (18) 

It follows from \YI\ and (IT8|) that xa £ Tiilrad^R. Similarly, we have ax G 
nilrad^R. This proves (i). 

(ii) follows from (i). 

□ 

If 7 is a triideal of a triring R = Rq © Ri , then the trinilradical v/ of 7 is 
defined by 

\/l := { x e P | Xg l e Zo an d xf n G I\ for some m, n € 2>o }, 
where x = Xo + Xi, Xj € P, and Ii = I C\ R4 for i = 0, 1. Since 

nilraS (^~J^J = 

is a triideal of R. A triideal I of a triring R is called a radical triideal if 

We now characterize the trinilradical of a triring by using prime triideals. 

Proposition 3.3 Let ( R = Ro © R%, +, ■ , ft ) &e a triring. The trinilradical of 
R is the intersection of the prime triideals of P. 



Proof Let x = xo + x\ be any element of nilrad^(R), where xo € Po and 
xi e Then x™ = and xf " = for some m, n S 2>o. Let P = Po © -Pi be 
any prime triideal of R. Since x ™ = G Po, we have 

x € Po (19) 

by©. 
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If P 2 Ri, then Pi is a prime ideal of the commutative ring (Ri, +, j} ). 
Using this fact and x\ n — 0, we get 

xiGPi. (20) 



If P D then (20) is obviously true. It follows from (19]) and (20]) that 
x — xq + cci G P. This proves that 

nilraS(R) C f] P. (21) 

PeSpec'i? 

Conversely, we prove that 

zgnilraJ(R) => f] P. (22) 

PGSpec«.R 

Ca.se J: z m 7^ for all to € 2>o, in which case, z m G" R\ for all m G i?>o- 

P 

Hence, z + R\ is not a nilpotent element of the commutative ring — -; that is, 

Ri 

z + R 1 ^nilrad(§-) = f) (£) , 

where Spec (^j^j 1S ^ ne ordinary spectrum of the commutative ring Hence, 

I R 
there exists a prime ideal — of the commutative ring — such that z j£ I. Since 

R\ R\ 

I is a prime triideal of R, (|2"2"]) holds in this case. 

Case 2: z m = for some m G 2>o. Let z = zq + z\ with zq G Rq and 
z\ G Pi. Then = z m = + ^"Vi for some n G Pi by g]). Thus, z m = 0, 
which implies that z\ for all n G Z>o in this case. We now consider the 

following set 

T := j J J is a triideal of P and z\ n ^ J for all ri G Z>o j . 

Since {0} G T, T is nonempty. Clearly, ( T, C ) is a partially order set, where 
C is the relation of set inclusion. If { J\ | A G A } is a nonempty totally ordered 
subset of T, then IJagA ^ s an u PP er bound of { J\ | A G A } in T. By Zorn's 
Lemma, the partially ordered set ( T, C ) has a maximal element P. We are 
going to prove that P is a prime triideal of R. 

Let x — xq + x\ and y — yo + y\ be two elements of P, where Xi, yi G Ri for 
i = 0, 1. First, if Xo £ Pq and j/o ^ Po> then 

PcP + Rxq and P C P + Ry - (23) 
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Since both P + Rxo and P + Ryo are triideals of R by Proposition 11.21 (|23p 
implies that 

z\ u G P + Rx and zfePl i?y 

or 

Zi € -Pi + -Ri^o and z\ v G Pi + Piyo for some u, v E Z>o- 
Thus, we have 

zf = zj u H^r g (Pi + J?ix ) tt (Pi + R iyo ) 

C Pi Pi + Pi tt (i?iyo) + (ifczo) Pi +(Pi^o) tt (RiVo) 
This is a subset of P 

C P + Pix yo, 
which implies that xqijo ^ P. This proves that 

x Q £ P and y £ Po ^o2/o £ Po- (24) 

Similarly, we have 

a; £ P and y x £ P x =*> a; yi £ Pi, (25) 
yi & Pi and x £ P yix £ P x (26) 

and 

xi £ Pi and y x P x =>■ xij/x £ P . (27) 

By (HU), ((25J), (HU) and J27|, P is a prime triideal. Since Zi ^ P, fl22| also 
holds in Case 2. 



It follows from (1211) and (|22|) that Proposition 13.31 is true. 

□ 



The next proposition is a corollary of Proposition [ 
Proposition 3.4 /// is a triideal of a Hu-Liu triring R and I ^ R, then 

<ti= n p. 

P G Spec«i? andPDI 
Proof By Proposition 13.31 we have 

x E \/l <^ i + /€nilrad« (j)= f] ~J 

P £S pect(f) 

<=> x g pi p. 

P G Spec^P and P D I 



□ 
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4 Extended Zariski Topology 

Let (R = Rq © Ri, +, •, J) ) be a triring. For a triideal 7 of R, we define a 
subset V(7) of Spec^P by 

0(7) := { P | P € Spec^R and P D 7 }. (28) 

Proposition 4.1 Lei R be a triring. 

(i) 0(0) = spec»P and 0(P) = 0. 

(ii) 0(7) U 0(7) = 0(7 H J) = 0(7 jj J), w/iere 7 and J are two triideals 

ofR. 

(iii) P| (7(a)) = I 7(a) I , where { 7 (A ) | A € A } is a set of triideals 
aga \AeA / 

ofR. 

Proof Since (i) and (iii) are clear, we need only to prove (ii). 

Since 7 ft J C 7n J C 7, we get 0(7 ft J) D 0(7 n J) 2 0(7). Similarly, 
we have 0(7 ft 7) 2 0(7 n J) D 0(7). Thus, we get 

0(7) U 0(7) C 0(7 n J) C 0(7 ft J). (29) 

Conversely, if P € 0(7 ft J), then 7 ft J C P. By Proposition [2H we get 
7 C P or 7 C P. Hence, P e 0(7) U 0(7). This proves that 

0(7 ft J) C 0(7) U 0(7). (30) 

It follows from (J2SJ and that (ii) is true. 

□ 

Let ( R = Ro Pi, +, • , ft ) be a triring. By Proposition 14.1) the collection 

:={ 0(7) | 7 is a triideal of R } 

of subsets of Spec^R satisfies the axioms for closed sets in a topological space. 
The topology on Spec^R having the elements of as closed sets is called the 
extended Zariski topology. The collection 

P s := {7> t) (7) | 7 is a triideal of R } 

consists of the open sets of the extended Zariski topology on Spec^R, where 

P"(7) := Spec*R\ 0(7) = {P|P € Spec^R and P 2 7}. 



12 



For Xi € Ri with i G {0, 1}, both Rxq and Riftxi are triideals of R by 
Proposition 11.21 Let 

L>»Oo) := D»(i2xo), ^fri) := ^(^i Mi)- 
If Jo and I\ are the even part and odd part of an triideal I, then 

D»(J) = |J D»(xi). 
K ( eJ»,i=o,i 

Thus, {D^ajOlaii € i?i with i = 0, 1 } forms an open base for the extended 
Zariski topology on Spec^R. Each D^(xi) is called a basic open subset 
of Spec^R. Clearly, D&(0) = 0, D"(l) = Spec^i?, D^l") = Specfi?, and 
L» B (a;i) C Spec^i? for x x € 

Proposition 4.2 Lei J and J be triideals of a Hu-Liu triring. 
(i) 0(7) C V*(J) z/ and onZy if$7ctyl. 

(n) = 

Proof (i) follows from Proposition ^. 4[ and (ii) follows from (i). 

□ 

Definition 4.1 Let X be a topological space. 

(i) A closed subset F of X is reducible if F = F^ U F(o\ for proper closed 

subsets Ft\\, F(2) of X. We call a closed subset F irreducible if it is not 
reducible. 

(ii) X is quasicompact if given an arbitrary open covering { Ufa) | i € I } of 

X. there exists a finite subcovering of X , i.e., there exist finitely many 
members Uu^, . . ., Uu \ of { Uu-j \ i € I } such that X = U(i x \ U • • • U Uu\ . 

Using the topological concepts above, we have the following 

Proposition 4.3 Let (R = i?o © Ri, +> f> ) be a triring. 

(i) The trispectrum Spec^R is quasicompact. 

(ii) Both Spec^R and Spec\R are quasicompact subsets of Spec^R. 

(iii) /// is a triideal of R, then the closed subset V"(7) of Spec^R is irreducible 
if and only if yj is a prime triideal. 
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Proof (i) Let { | i € A } be an open covering of Spec^R, where — 

is a triideal with the even part /(j)o and the odd part I^i for each i £E 
A. Thus, Spec«R = U eA ^(%) = 0*(Ei g A Hen ce, F»(E ieA %) = 0- 
If 1 £ (E,eA / «)o = EieA-^Wo- Then (£ ieA /(j))o is a proper ideal of the 
commutative ring (Rq, +, •)• Hence, there exists a maximal ideal Mo of the 
ring (R , +, •) such that (^ ieA ^(i))o ^ M)- Since M © i?i is a prime triideal 
of R and E 4GA / ( l ) C M © R 1} we get that M © i?i e ^ tt (E ie A%)) = fi 
which is impossible. Therefore, 1 g (E»ea^(*))o = EieA^MOi which implies 
that X(i 1 )o + a;(i,)o + ' ■ ■+ x (i n )o = 1 for some positive integer n and xu k )o G % fe )o 
with u- € A and n > k > 1. It follows that D^x^q) C D^(I( ik )) and 

n n 

= (J £>%)) 2 |J £>% fe) ) ^ U D W)o) 

i£ A fe=l fe=l 

n n 

= Q ^ B (^fe)o) - D\J2 Rx d*)o) = D\R) = Spec*R, 

k=l k=l 

which implies that Spec^R = (Jfe=i D^{I(i k )). 

(ii) Note that a closed subset of a quasicompact topological space is a quasi- 
compact subset. Since Spec^R — V^(R\) is a closed subset of the quasicompact 
topological space Spec^R, Spec^R is a quasicompact subset. 

Note that a subset C of a topological space X is a quasicompact subset of X 
if and only if every covering of C by open subsets of X has a finite subcovering. 
Hence, in order to prove that Spec{R is a quasicompact subsets of Spec^R, it 
suffices to prove that if Spec\R — Ujer ^H^j)) f° r triideals Jy) of i?, then 
there exists a positive integer m such that Spec^i? = Ufeli ^K^Uh)) f° r some 

ji, ■ ■ ; 3k e r. 

Since S P ec\R = U; 6 r^( J (i)) = ^(Ejer -fa). w e have ^(E, e r ^)) = 
Spec$R \ D$(J2jer ^0')) = Spec^R. If (Eier ^(i))i 7^ -^i> then there exists a 
maximal ideal iVi of the commutative ring +, jj) such that (Ejer *^(J))i — 
iVj . By Proposition 12. 1[ there exists an ideal _/V of the commutative ring 
(Rq, +, •) such that N D (Ejer^(j))o an d © -^4 is a prime triideal of 
R. Thus, N © Ni € V"(5^ - er J(j)) = Spec^R, which is impossible because 
N\ 7^ i?i. This proves that (Ejer ^(i)) 1 = -^i* Hence, we have 2/(^)1 + 2/(j 2 )i + 
• • • + U(j m )i = 1* for some positive integer m and € </(j fc )i with g r and 

m > fc > 1. It follows that D* (3/(^)1) C D s ( J {jk) ) and 

m m 

Specji? - |J dH j (]) ) D (J £>»(y fc)1 ) D=D Q D»(iZi tli^x) 2 
jer k=i k=i 

m 

= DHJ^^^n) = D *(Ri) = Spec{R, 
fc=l 
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which implies that Spec\R = UfeLi ^"(j/(3h)i)- 

(iii) By Proposition ^. 2[ we may assume 2 = yl in the following proof. First, 
we prove that if (7) is irreducible , then I is a prime triideal. 

Suppose that ao&o € 7 for some ao, bo G Rq. Let 

J ( i) = I + Ra = (I + R a ) © (Ji + i?ia ) 

and 

K {1) = I + Rb = (7 + 2?oM © (A + i?iM- 
Then both Jtu and if (i) are triideals of 2? and 

it = (Jo + Roa Q )(I + Robo) + (h + Riao) it Ci + #iM 

C 7 + R a Rob + (i?iao) tt -Ri&o) C J + Roa b + Ria b C 7. 

Hence, we get 0( J (1) )U0(2T (1) ) = 0(J (1) (| 7T (1) ) D 0(7) by PropositionO 
(ii). It is clear that 0(J(i)) C 0(7) and 0(if(i)) C 0(7). Hence, we get 
that 0(J ( i)) U C 0(7). Thus we have 0(J (i) ) U 0(7%)) = 0(7). 
Since 0(7) is irreducible, 0(J (1) ) = 0(7) or 0(7%)) = 0(7), which imply 
that 7 = 2 9 a or 7 = ^/i%) D 7% 9 b . This proves that 

ao&o € 7 =>■ a G 7 or 6 G 7 for ao, &o € 7? - (31) 

Similarly, we have 

a &i G 7 a G 7 or &i € 7 for a € 7? and &i G 7% (32) 
ai&o G 2 =>■ ai e 7 or &o G 2 for ai G 2?i and &o G 2?o (33) 

and 

ai jjbi G 7 ai G 7 or &i G 7 for ax, &i G 2?i. (34) 
By flEJ), ([32]), <H3J) and (gj), 7 is a prime triideal. 

Next, we prove that if 7 is a prime triideal, then 0(7) is irreducible. Sup- 
pose that 0(7) = 0(J) U 0(7Q, where J and 2T are triideals of R. Using 
Proposition 14.21 (ii), we can assume that \f~J = J and \fK — K. In this case, 
we have 

0(J) C 0(7) =► I = ¥l C $1 = J 

and _ 

0(2T) C 0(7) =>■ 2 = \/J C VK = K. 

By Proposition O (ii), we have 0(2) = 0(J) U 0(if) = 0(J ft 2f). This 

fact and Proposition 14.21 (i) give ■2 It if C Vl = 2. Since 2 is a prime triideal, 
we get J C 7 or 2T C 7 by Proposition 12.21 Hence, 7 = J or 7 = K . Thus, 
y»(7) = 0(J) or 0(7) = 0(7f). This proves that 0(2) is irreducible. 

□ 
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